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If M is an interval or differto 5 and if

X Mx fo t R is a smooth map which is an

immersion f t then X H is said to a son ofthe

curve shortening flow if

7
wit K Miti N hit

x curvature

N unit normal vector

Def A curve in R is a map X a 137 R

for some as a c BE a

eg A parabola X 1 a a IR Xiu 4,42

which can be equivalently parametrised by



X 4 63,46 or X 4 24,46 etc

a circle
of radius r Xiu or cosy rsinu

w 21 3 o 21T

If X'la is called the tangentvector at

Xiu

Curve will be immersed if X'up to

I also called regular curves

X is called an embedded curve if X is a

homeomorphism onto its image
Closed curves would mean immersions X defined

on all of IR but which are periodic i.e F

a o n t X Ut a Xiu F Uff



Closed curves w an embedding would mean

X is injectuie modulo its periodicity
i n X 14 X14 D 4 u ka k 21

In this case X is a simple closed curve

O 0
Simple closed curve

non simple closed
crime

A length

Def The one lengthof a curve X starting at

some point XLY is the function stu w

U
su S X A lot

Yo



so 51407 0 and it could be positive ornegative

Calculate the ans length parameter stu for

Xiu e cosa eusina

logarithmicspiral

If s is the arc length of X starting at

X no then

fu f x'a lot Ix ut
Uo

We define the unit tangent vector T to be



it YI
Note If u is a unit vector that is a smooth

function of u then r tr v

In particular X is either zero or

perpendicularto X

Curvature

Two guiding principles

D the curvature of a curve should be

unchanged when the curve is heparametrized

2 the curvature of a straight line 0

and curvature of bigger circles should be smaller
than curvature of smaller circles



Def If s is the ans length parameter then the

curvature 251s at Xis is 118 11

Exercise compute the curvature of the helix
X10 acoso asino bo Al Ola

Let's specialize to X 12113
01122 i.e to

planar curves

Define the unit normal vector to the curve as

the unit vector obtained by rotating T

counterclockwise by 4 2

TT

I



i e our convention is that simpleclosed curry w

a counterclockwise parametrisaltoie has an

outward painting normal

o Tis a unit vector 0 II is perpendicular
to T and hence parallel to N Then F

some number X St

It
Is

K N
Frenet Serret

equations

It KT

Reversing the direction of parametrisation
reverses S T and N if reverses the sign

of K but kN is cuneffected KN is called

the curvature rector of X



Also K 494s T offs NY

Example Consider the round circle of radius or

w XO nano orsino

The ar length parameter s On and the

air length reparametrisation of the cure is

Xis or as se sin E

X s f sin E cos f

and Ix's 1 1

X s I cos I I sin

11 X s 11 I which is the curvature

of the circle




